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Abstract. We determine the invariant Hilbert scheme of the zero fibre of the moment map 
of an action of S72 on (C 2 )® 6 as one of the first examples of invariant Hilbert schemes with 
multiplicities. While doing this, we present a general procedure how to realise the calculation 
of invariant Hilbert schemes, which have been introduced by Alexeev and Brion in AB05 . We 
also consider questions of smoothness and connectedness and thereby show that our Hilbert 
scheme gives a resolution of singularities of the symplectic reduction of the action. 



1. Introduction 

Let G be a complex connected reductive algebraic group and X an afRne G-scheme over (D. Denote 
by Irr(G) the set of isomorphism classes of irreducible representations of G and let h : Irr(G) — > No 
be a map, called Hilbert function in the following. In this setting, Alexeev and Brion define in 
[ABQ5] the invariant Hilbert scheme Hilb^(A) parameterising G-invariant subschemes of X whose 
modules of global sections all have the same isotypic decomposition © pgIrr ( G ) (D h ^ ®c V(p) as 
G-modules, where V(p) denotes the G-module corresponding to the irreducible representation p. 
This generalises the G-Hilbert scheme of Ito and Nakamura [IN96J . 

In the case where the Hilbert function h is multiplicity-free, i.e. h(p) £ {0, 1} for all p G Irr(G), 
several examples of the invariant Hilbert scheme have been determined by Jansou [Jan07j, Bravi 
and Cupit-Foutou [BCF08 and Papadakis and van Steirteghem |PvS10j . which all turn out to be 
affine spaces. Jansou and Ressayre |J R09] give some examples of invariant Hilbert schemes with 
multiplicities, which are also affine spaces. There are some more involved examples of invariant 
Hilbert schemes by Brion (unpublished) and Budmiger [BudlO] . In this paper, we present a more 
complex example, namely of an S'^-Hilbert scheme with Hilbert function 

(1) h: No -> N, d^d + 1. 

The knowledge of such examples where the Hilbert scheme is not an affine space is important 
for understanding general properties of invariant Hilbert schemes: Which conditions have to be 
fulfilled so that the invariant Hilbert scheme is connected or smooth? Is the invariant Hilbert 
scheme a resolution of singularities of the quotient X//G as the G-Hilbert scheme is for finite G 
up to dimension 3 [BKROlJ? 

Our example of an 5?2-Hilbert scheme will be smooth and connected and it even will be a resolution 
of singularities, but it does not inherit the additional structure of symplectic variety of the quotient. 

Now let us present the setting of our example. Consider the action of SI2 on ((D 2 )® 6 = Mat2x6( ( E) 
arising as symplectic double from the action of SI2 on ((D 2 )® 3 via multiplication on the left. 
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Let J = (-il) and Q = ( ° £). The moment map /z: (C 2 )® 6 -> sl 2 , M i-> MQM l J defines 
the symplectic reduction ((D 2 )® 6 ///.?^ := /i _1 (0)//S'Z2- In [BeclOj we obtained its description as 
a nilpotent orbit closure fi~ 1 (0)//Sl 2 = C>[2 2 ,i 2 ] in so 6 . Writing (C 2 )® 6 = C 2 ®c we see that 
we have a symmetric situation with an action of SOq — SO(Q) by multiplication from the right 
and /i is invariant for this action, so that SOq acts on the zero fibre /z _1 (0) and as both actions 
commute, 5*06 also acts on the quotient by Sl2- The quotient map v. /j, _1 (0) — > /i~ 1 (0)//Sl2 is 
given by mapping M to M t JMQ. In fact, the quotient map of the S72-action is the moment map 
of the S'Og-action and vice versa. The S'Og-action will play an important role while analysing 
H~ 1 (0)//Sl2 and the corresponding Hilbert scheme. 

There are two well-known symplectic resolutions of singularities of the symplectic variety 0[ 2 2 ,i 2 ], 
namely the cotangent bundle T*P 3 = {{A, L) G Y x P 3 | imA C L} and its dual (T*P 3 )* = 
{(A, H) eY x (P 3 )* | H C ker A}, where Y = {A e sl 4 | rkB < 1} = [2 2 ,i 2 ]. We want to know 
if there is a distinguished (symplectic) resolution. Since Hilbert schemes of points and G-Hilbert 
schemes are often candidates for (symplectic) resolutions |Fog68, Bea83, BKR01J, we hope that 
this is also true for invariant Hilbert schemes. Indeed, with the choice of the Hilbert function ([T]), 
in our example we find 

Theorem 1.1. The invariant Hilbert scheme SI2 -Hilb(^i _1 (0)) := Hilbf 2 (/i _1 (0)) of the zero 
fibre of the moment map of the action of SI2 on ((D 2 )® 6 is the scheme 

(2) {(A, W) G [2 2 ,i 2 ] x Grass lso (2, C 6 ) imA' C W}. 

It is smooth and connected, and thus a resolution of singularities of the symplectic reduction 

Remark. SI2 -Hilb(/i _1 (0)) is itself not a symplectic resolution of (Oy/Sh, but as it is isomorphic 
to {(A,L,H) G Y x P 3 x (P 3 )* I imA cLciJc ker A} via L = {v G € 4 | dim(u AW) = 0}, 
H = {v G C 4 I dim(v A W) < 1} and W = L A H , it dominates the two symplectic resolutions: 



SZa-HilbO/- 1 ^)) (A, W) 




This paper is organised as follows: In the second chapter we introduce the invariant Hilbert scheme 
as defined by Alexeev and Brion in [ABQ5] , building upon the work of Haiman and Sturmfels on 
the multigraded Hilbert scheme |HS04j . We give their definition of the invariant Hilbert functor, 
which is represented by the invariant Hilbert scheme, we introduce the Hilbert-Chow morphism 
and analyse which conditions on the Hilbert function have to be satisfied so that this morphism, or 
at least its restriction to a certain component, is proper and birational, the important properties 
for being a resolution. With regard to this, we define the orbit component Hilb^X) 01 " 6 , which is 
the unique component mapping birationally to the set of closed G-orbits. If the invariant Hilbert 
scheme is not irreducible, this component is still a candidate for a resolution. 
Afterwards, we turn to our example in chapter 3. First, we compute the general fibre of the 
quotient in order to determine the right Hilbert function which guarantees birationality. 
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The forth chapter is the heart of this article. First we show how to find generators of the locally free 
sheaves occurring in the definition of the invariant Hilbert functor in general, then we construct 
an embedding of the Hilbert scheme into a product of Grassmannians by ideas of Brion and based 
on the embedding constructed in |HS04| . Thus this note not only gives a complex example of an 
invariant Hilbert scheme with multiplicities of a variety which is not an affine space, but it also 
can be consulted as a guidance for the determination of further examples. While describing the 
general process we always switch to its application to the example at the end of each step. As a 
result of this, we obtain the orbit component in our example as @. 

To conclude the proof of theorem 11.11 i.e. to find out if the orbit component coincides with the 
whole Hilbert scheme, in chapter 5 we show that the latter is smooth by considering the tangent 
space to the invariant Hilbert scheme and we prove that it is connected. 

Acknowledgements. I am very thankful to Michel Brion for introducing me to the world of 
invariant Hilbert schemes and for guiding me through the determination of this example. I also 
would like to thank him for his hospitality during the four months I spent in Grenoble. I thank 
Manfred Lelm and Christoph Sorger for proposing me the work on G- and invariant Hilbert 
schemes and for several discussions about the example. I thank Ronan Terpereau for the exchange 
of knowledge on invariant Hilbert schemes. I am greatful to Jose Bertin for his private lessons 
on the G-Hilbert scheme which also enlarged my understanding of invariant Hilbert schemes. I 
greatfully acknowledge the financial support by DAAD and SFB/TR 45. 

2. The invariant Hilbert scheme after Alexeev and Brion 

Before passing to the specific example of an invariant Hilbert scheme, we present in general the 
construction of the invariant Hilbert scheme introduced by Alexeev and Brion in [AB041 [AFjQ5j, 
which generalizes the G-Hilbert scheme for finite groups G after Ito and Nakamura [IN96, IN99J. 
For further details on invariant Hilbert schemes consult Brion's survey [BrilOj. 

Let G be a complex reductive algebraic group and X an affine G-scheme over (D. Let Irr(G) denote 
the set of isomorphism classes of irreducible representations of G and denote by po € Irr(G) the 
trivial representation. As G is reductive every G-module W decomposes as a sum of its isotypic 
components W = ® peIrrG W (p) = p6lrrG W p ®c V(j>), where W p = Rom G (V{p), W). 
We call the dimension of Hom G (V(/9), W) the multiplicity of p in W . If each irreducible representa- 
tion occurs with finite multiplicity, i.e. for all p £ IrrG we have h(p) := dim Home (V(p), W) < oo, 
then h : Irr(G) — ► N is called the Hilbert function of W. 

If J 7 is a coherent G-sheaf over some noetherian basis S where G acts trivially, there is also 
an isotypic decomposition J- = © pe i rr q J~ p ®<E V(fl), where the sheaves of covariants J- p = 
Horn (V (p) , J-) are coherent Os-modules. They are locally free of rank h(p) if and only if T 
is flat over S. 

Definition 2.1. [AB05, Def. 1.5] For any function h: IrrG — » No, the associated functor 



Hilb%(X) : (Schemes) op -> 



(Sets) 




Z a G-invariant closed subscheme, 
p flat, 

P*Oz^@ pQttG F P ®cV(p) 




(Z i-> (id x f)*Z) 
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such that the sheaves of covariants T p = Horn (V(p),p*Oz) are locally free Cg-modules of rank 
h(p), is called the invariant Hilbert functor. 

Remark. In analogy to the case of finite G the coordinate ring of every fibre Z s of the projection 
p : Z — >• S of a closed point s 6 S satisfies 

C[Z S ] = r(Z s ,Oz.) = (p*O z )(s) s C'W»cV0)) 

pGlrr G 

since the fibre J 7 p (s) is a (D-vector space of dimension This can be considered as h(p) copies of 
V(p) for every p G IrrG, so we write ® pe i rr( 3 h(p)V(p) instead. In particular, the only invariants 
of <D[Z S ] are the elements of the isotypical component of the trivial representation pQ, i.e. h(pa) 
copies of the constants. 

Proposition 2.2. [HS041 IAB041 IAB05J There exists a quasi-projective scheme Hilb^(X) repre- 
senting Hilb? (X) , the invariant Hilbert scheme. 

There is an analogue of the Hilbert-Chow morphism, the quotient-scheme map 

r 1 : Hilb^pQ -> m\b h(po) (X//G), Z h> Z//G, 

described in [BrilO, § 3.4]. It is proper and even projective [BrilOl Prop. 3.12]. If we add the 
condition h(po) — 1, then we have n: Wlb h (X) — > Hilb 1 (X//G) — X//G. We will always assume 
this in the following. For birationality one has to choose the Hilbert function h = hx defined by 
the isotypic decomposition of the general fibre F of the quotient map v: X — > X//G: 

T(F,O f )= h x (p)V(p). 

pelrr G 

Lemma 2.3. If X is irreducible, there is an irreducible component Hilb^ x (X) orb of Hilb^ Y {X) 
such that the restriction of the Hilbert-Chow morphism rj: Hilb^. (X) orb — > X//G is birational. 

Proof By an independent result of Brion [BrilOl Prop. 3.15] and Budmiger [BudlO, Thru 1. 1.1], if 
v '. X — y X//G is flat, then X//G represents the Hilbert functor Hilb% x (X), thus X//G S Hilb^ (X). 
In the non-flat case let U C X//G be a non-empty open affine subset such that — >■ J7 is flat. 
Then h v -i(jj\ — hx since all fibres of ^ _1 (?7) — > U have the same Hilbert function as the general 
fibre of j/, so U is isomorphic to the open subscheme Hilb^ x = 77 _1 ([/) of Hilb^ x (X). 

Thus the restriction of 77 to its closure Hilb^ x (X) orb := rp 1 (J7) is birational. 
If X and hence X//G is irreducible, so is U and r/^ 1 ^) = U. Hence there is an irreducible 
component C C HUb^ (X) containing in~ l (JJ). The morphism r)\c- C —> X//G is dominant and 
the fibres of an open subset of X//G are finite (indeed the preimage of each element in U is a 
point). This means that dimC = dimX//G, hence 77^ 1 (C/) = C is an irreducible component. □ 

Definition 2.4. The variety Hilb^ x (X) orb constructed in the lemma is called the orbit component 
or main component of Hilb^ (X). It corresponds to the coherent component for toric Hilbert 
schemes and is the principal component in the sense that it is birational to the quotient X//G 
parameterising the closed orbits of the action of G on X . 

Remark. The map ?7| Hilb G ix)° rb 1S dominant and proper and Hilb£ x (X) orb c Hilb? (X) is closed, 
so ^liiiib (X) orb * s even surjective. 

h v \ ' 
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Remark 2.5. If the general fibre of v: X — » X//G happens to be the group G itself, the Hilbert 
function is h x (p) = dim(V(p)) since we have T(G,O g ) = C[G] = peIrr G V(p)* ®c V{p) and 
dim(V(/?)*) = dim(V(p)). In analogy to the case of finite groups we write in this situation 

G-HilbpT) := Hilb^ (X) and G-Hilb(AT) orb := Hilb^ (X) orb . 

3. Determination of the Hilbert function 

3.1. The quotient related to the Hilbert scheme. The action of Sl 2 on ((D 2 )® 3 via mul- 
tiplication on the left is self-dual, so its symplectic double Sl 2 x ((D 2 )® 6 — > ((D 2 )® 6 is also 
given by multiplication from the left (g, M) ^ gM. We would like the symplectic structure 
on ((D 2 )® 6 to descend to the quotient, so instead of (<D 2 )® 6 //Sl 2 we consider the symplectic re- 
duction (<C 2 )® 6 ///Sl2 = p~ 1 (0)//Sl 2 , defined as the quotient of the zero fibre of the moment map 
jU: (C 2 )® 6 -> sl 2 , M ^ MQM f J, where J = (_? X J) and Q = ( ° ^ 3 ). For a more detailed dis- 
cussion of this action we refer to [BeclOj, as well as for the description as a nilpotent orbit closure 
pT 1 {Q)//Sl 2 = = {-4 G so 6 A 2 = 0, rkA < 2, Pf 4 (QA) = 0}, where Pf 4 (QA) denotes 

the Pfaffians of the 15 skew-symmetric 4 x 4-minors of QA. Under the adjoint action this variety 
consists of two orbits of matrices of rank 2 and 0, respectively: Opa i»i = C[2 2 ,i 2 ] U {0}. 
The quotient map is v; /x _1 (0) ->• £>[ 2 2 ,i 2 ], M -)• M l JMQ. 
In coordinates M = ( £J ^ jgj ™ ) we have 

M t JMQ=\ (~ X2 < iXl > 3 +i + x ^^ x '2,3+j)zj (~x 2 ,iXi j +xi,iX 2 j)ij A 

\(— ^2, 3+i x l, 3+j + ^l, 3+j^2, 3+i)ij {—%2,3+i%l,j + Xl,3+i%2,j)ij ) 

where i and J always range from 1 to 3 and A S:t = det(x^ s \ x^) is the 2 x 2-minor of the s-th 
and t-th column in M. Thus the fibres of v consist of those M with fixed 2 x 2-minors. A further 
condition is M G /x _1 (0), i.e. 

/ 3 3 \ 

„:7?o q 1 „' —I— T* 1 d 1 .To 1 \ 



= MQM* = 



2 • x l,i x l.3+t (^1,1^2,3+1 + 5Cl,3+t2C2,t) 

»=1 i=l 

3 3 

\ J2 ( x l,i x 2,3+i + Xi,3 +i X 2 ,i) 2 • J2 X2,iX 2 ,3+i j 

\i=l i=l / 



3.2. The general fibre of the quotient. In order to determine the Hilbert function h^-im',, so 
that S , / 2 -Hilb(^- 1 (0)) = Hilbf 2 _ (//"H )) birational to the quotient p- 1 (0)//Sl 2 , we have to 

u 1 (0) 

compute the general fibre of v. Therefore we need to know the locus where the quotient is flat. 

Proposition 3.1. The quotient v restricted to the preimage of the open orbit of the SO^-action 
v~ x (0]^i _]2]) — > C[2 2 ,i 2 ] is flat and the fibres over all points in the orbit 0[ 2 2 ,i 2 ] are isomorphic. 

Proof /z (0) is equipped with an action of SOq via multiplication on the right, which induces 
the adjoint action on p, (fS)//Sl 2 . Since v: pr x (f$) — > p~ (0)//Sl 2 = 0[2 2 ,i 2 ] is S'Og-equivariant, v 
is flat over the whole SO^-orbit C[2 2 ,i 2 ] or over no point of this orbit. By Grothendieck's lemma 
on generic flatness and 0[2 2 ,i 2 ] \ C[2 2 ,i 2 ] = {0} the second case cannot occur. By equivariance, all 
fibres over this orbit are isomorphic. □ 

As a consequence, for computing the general fibre it is enough to determine the fibre over one point 
Aq in the flat locus CW^i. We choose Aq = (fly) with 015 = —024 = 1 and ay = otherwise. 
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For M £ i/~ 1 (Ao) this corresponds to A 1,2 = 1, A 1 ' 3 = otherwise. Thus 

1 = A 1 ' 2 = xna;22 — X\2%2i, hence x\\ ^ ^ x 2 2 or acx2 ^ ^ a; 2 i. 
Without loss of generality assume x%i ^ 0. Then X22 = — — — 12 21 . 

Ill 

For j = 3, . . . , 6 we have 

n Alt X!jX 2 l 

= A ,J = XnX2j - xijX2i => x 2 j = , 

X\\ 

27 xyacai 1 + ^12^21 xy xijXi 2 x 2 i 

= A :J = X12X27 - XijX22 => Xi 2 = £i 7 = 1 

Xn Xu Xn Xn 

=>• xij =0 for j — 3, . . . , 6, 

XyX 2 i „ . 

=> .t 2 , = — = for j = 3, . . . , 6. 

xu 

This implies xnxu + 2:12X15 + 2:13X16 = 0, 

xu:c24 + xi 2 a;25 + X13X26 + X14X21 + £15X22 + £16^23 = 0, 

X21X24 + X22Z25 + X 23 X26 = 0, 

so M G /j _1 (0) is automatic. This shows that the general fibre is 

F := u-\A ) = {(£ *» ° ° 0) e (C 2 ) 06 I xux 22 - 0:120:21 = 1} = 5^2. 

Remark. Analogous calculations over show that the fibre i/ -1 (0) has dimension 5, so v is not 
flat over and C[ 2 2 ,i 2 ] is the maximal flat locus. 

3.3. The Hilbert function of the general fibre. The Hilbert function is determined by the 
isotypic decomposition of the general fibre. 

The irreducible representations of SI2 are parametrised by the natural numbers: Irr(S72) — No, 
Vd <-> d, where Vd = (D[x, y]d consists of homogeneous polynomials of degree d so that dimVrf = 
d+ 1. By remark [2.51 the coordinate ring of SI2 decomposes as 

V[Sh] = (dimV d )V d = (d + l)V d , 

so in this case the Hilbert function is given by the dimension h p -i^(d) — dim Vd = d + 1. For 
the Hilbert scheme this means that the sheaves have to be locally free of rank d + 1. 

4. Determination of the orbit component 

Our idea to identify SI2 -Hiib(/Lt _1 (0)) is to determine generators for the sheaves of covariants 
Td and to use them to embed the S'^-Hilbert scheme into the product of p~ 1 (Q)//Sl 2 and some 
Grassmannian. First, in section we describe the sheaves T p in general by giving a space of 
generators F p as an Hilb G (^-module and we calculate T\ in our example. In section [4.21 we 
describe how to obtain a map r\ p to the Grassmannian of quotients of F p of rank h(p) for each 
p e IrrG. We show that one can embed Hilb^(A) into a product of finitely many of these 
Grassmannians. Afterwards, for SI2 -Hilb(/i _1 (0)) we calculate the map rji corresponding to the 
standard representation and we show that this single representation is enough to give an embedding 
of the orbit component into pT 1 (Oy/Sh X Grass(i*i , h(l)). Then we determine a strict subset of this 
which contains the image. Finally, by writing the Grassmannian as a homogeneous space we prove 
in section |4~B"1 that the embedding is even an isomorphism. Since the elements of SI2 -Hilb(/j _1 (0)) 
are subschemes of /i _1 (0), we explicitly determine these subschemes in section EOl 
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4.1. The sheaves of covariants T p . To describe the invariant Hilbert scheme or at least its 
orbit component, we have to determine all possibilities of locally free sheaves T p of rank h{p) on 
Hilb G (X). For the trivial representation we have the following result by Brion |BrilQ[ Proof of 
Prop. 3.15], for which we give a more detailed proof. 

Lemma 4.1. If h(po) = 1 then for any scheme S and every subscheme Z £ Hilb G (X)(S) we have 
J- pa = Os- In particular, for the universal subscheme J- pa = 0Hiib^(x)- 

Proof Taking invariants, the defining equation of the T p implies p*0 G = @ P £i„(G} ®c ^(p) G - 
But the trivial representation is the only irreducible representation admitting invariants, and all 
of its elements are invariants. Thus © pg i rr (G) J~ p <g>c V(p) G = T PG and there is a morphism 
p# : Os = O g — > p*0 G = T Po induced by p, which is injective since p is surjective. Both sides 
are locally free Os-modules of rank one. Over each closed point s 6 S the fibres are Os{s) = 
O s .s/m s = k(s) = <D and F po (s) = ( P *O z ) G (s) = (p*O z ) G ®c k(s) = (p,O z ®c,k{s)) G = <C[Z S ] G , 
and (D[Z S ] G = V(po) = d. So by Nakayama's lemma, p# is an isomorphism, hence Os — T Pa . □ 

For general p, we additionally observe what happens if there is an action on X by another complex 
connected reductive group H commuting with the G-action. By [BrilOl Prop. 3.10], such an action 
also induces an action on X//G and on Hilb G (X), such that the quotient map and the Hilbert-Chow 
morphism are _ff-equi variant. 

Consider the isotypic decomposition <D[X] — (B P eirrG ®[X]p®cV(p), where H acts by the induced 
action on <D[X] p = Uom G (V(p), €[X}) and trivially on V(p). 

Proposition 4.2. For every p S IrrG, the <C[X\ G -module <C[X\ p is finitely generated, so there 
is a finite dimensional H-module F p and an H-equivariant surjection <C[X] ®c F p -» (D[X] p . 
The space F p generates J~ p as an Os-module for every scheme S and gives a morphism of Os-H- 
modules Os ®c F p -» T p . 

Proof The space <C[X] p = Homc(F(p), (D[X]) is finitely generated as an (D[X] G -module, see 
[Dol03, Cor. 5.1]. Thus we can choose finitely many generators and define F p to be the 7f -module 
generated by them. This gives an if-equivariant surjection (D[X] G 0c F p -» (D[X] p . 
To determine generators for T p we use the universal subscheme Univ G (X). Then we obtain the 
result for an arbitrary scheme S and every element in Hilb G (X)(S) by pulling it back. We have 

Univ G (X) C X x Hilb G (X) >■ X 

Xpr-2 v 

Hilb G (X) X//G 

The action of H on X, X//G and Hilb G (X) also induces an action of H on X x X //C Hilb G (X) and 
Univ G (X) such that all morphisms in the diagram are iJ-equi variant. By Brill). Prop. 3.15], the 
diagram commutes and hence Univ G (X) is even contained in X Xx//G Hilb G (X). This inclusion 
yields a surjective ii-equivariant morphism 

By definition, we have P*0 Vniv G^ X ) = © P eirrG^> ®c V(p) with an induced action of H on each 
J- p and the trivial action on V(p). Furthermore, we can consider the isotypic decomposition 
Cffiib^x) ®c[x]G €[X] = peIrrG O mlh G {x) ® C[X ]G €[X] p ® c V{p) as G-modules. Together, we 
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obtain ii-equivariant surjections 

Omib%(x) ®C[X]G C[JC] p -» F p 

for every p € Irr(G). This shows that the Hilb G( X )--H-module F p is generated by <D[X] P , which 
is in turn generated by F p over (D[X] G . This yields 

(3) O mih G (X) ®c F p -» O mih G {x) ®<cix] G (C[X]p -» F p . 

□ 

Application to F\. Now we apply this to our example. We know that Vb is the trivial re- 
presentation and by lemma f4.ll Fp = Osu -Hiib(^- 1 (o)) is f ree of rank 1. We suppose that for 
the representation of lowest dimension Fd is easiest to compute, so we begin with the standard 
representation V\ — (D 2 . It will turn out in proposition 14.41 that at least the orbit component 
Sh -Hilb(/.t~ 1 (0)) or '' is already completely determined by this sheaf. 

There is an action of SO§ ° n M -1 (0) via multiplication from the right and the induced action on 
Op 2 .i 2 ] by conjugation. The induced action on SI2 -Hilb(/z _1 (0)) is also by multiplication from 
the right. Following proposition 14.21 we obtain 

Proposition 4.3. F\ is generated by the six projections p^^-i^y. /x _1 (0) — > (D 2 , i — 1,...,6. 
Hence we may take F\ = (D 6 the standard representation of SOe ■ 

Proof Because of proposition 14.21 and self-duality of the standard representation of SI2, F\ is 
generated by Hom S / 2 (C 2 , C[m _1 (°)]) = Mor S / 2 (m _1 (°); (D 2 ). The inclusion C ((D 2 )® 6 

induces a surjection Mors; 2 (((D 2 )® 6 , (D 2 ) -» Mors; 2 (/it _1 (0), (D 2 ) by shrinking morphisms to /i^ 1 (0). 
By |How95) . the space of S'^-equivariant morphisms Mors; 2 (((D 2 )® 6 , (D 2 ) is a free module of rank 
6 over the ring of invariants (D[((D 2 )® 6 ] S '' 2 , generated by the projections Pi\ ((D 2 )® 6 — > (D 2 to the 
i-th component. 

The restrictions Pi| M -i(o) : Ai — 1 (0) — > (D 2 still span a 6-dimensional space: Consider for example 
the matrices M$ where each except the i-th column is 0. Then MiQMf = for i = 1, . . . , 6, 
so Mi G /x _1 (0). In turn pj(Mi) — shows that the Pil^-ira) are linearly independent. 

Thus MoT S i 2 (fj,- x (0),€ 2 ) Hom s;2 (((D 2 )® 6 ,C 2 ) and F 1 =< p { | i = 1, . . . , 6 >^ (D 6 . The 
506-equivariant identification (D 6 = Homs; 2 (((D 2 )® 6 , (D 2 ), Ci h-> pi induces the inner product 
(PiiPj) — <5i+3,j + $j+3,i on < Pit ■ ■ -P6 >■ For this reason we can also write (p, q) = p*Qq for all 
maps p, q G F± and we see that F\ is the standard representation. □ 

4.2. Embedding the Hilbert scheme into a product of Grassmannians. As remarked in 
the proof of proposition ^. 21 every map S — > Hilb^(X) gives us a map Os <8>c F p — »■ F p by pulling 
back ^j. Since F p is a locally free quotient of Os <E><c F p of rank h(p), this in turn corresponds 
to a map S — > Gtslss(F Pi h(p)) into the Grassmannian of quotients of F p of dimension h(p). In 
particular, taking S = Hilb^(X), we obtain a map of schemes 

rj p : Hilbf(X) ->-Grass(F (0 ,/i(p)). 

In the situation of proposition 14.21 this map is again if-equivariant. Evaluating at a closed point 
s G S yields 

(4) {S -> Hilb^(X)) .— > (Os®c-Fp^^p) — ► (S-^Graas^./i^))), 
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where the fibres F p {s) are vector spaces of dimension h(p). Hence for S = Hilb^ (X) we have 

Vp : Hilb^(X)^Grass(F p ,/i(p)), Z ^ F P (Z). 

As <C[X] p = Rom G (V(p), <C[X]) = MoT G (X,V(p)*), the elements of the generating space F p are 
G-equivariant morphisms from X to V(p)* and evaluating at an element Z G Hilb^(A) means 
restricting Mor G (A, V{p)*) -> Mor G (Z, V(p)*). so in (gj we have 

f P ,z - F p -» T P (Z), p^p\ z - 

The map rj Pa does not yield any information because Gr&ss(F po , h(po)) = Grass ( (D, 1) is only a 
point. The product of the Hilbert-Chow morphism and the r] p defines a map 

(5) Hilb^(X) -4 X/G x [| Grass(F p , h(p)). 

pelrr(G) 
p#0 

This map is a closed immersion, even if the product ranges over an appropriately chosen finite 
subset of Irr(G): Indeed, let B = TU be a Borel subgroup of G, where T is a maximal torus and 
U the unipotent radical. Assigning to V(p) its highest weight gives a one-to-one correspondence 
between Irr G and the set of dominant weights A + in the weight lattice A of T. Extend h to A by 
0. Let V be a finite-dimensional T-module containing X//U. By [AB051 Thm 1.7, Lemma 1.6], 
we have closed embeddings Hilb^(A) m\bl(X//U) Hilb£(V) and each module <C[V] P is 
generated by some (D-vector space E p over (D[V] G . The E p can be chosen as lifts of F p , so that 
we have E p -» F p under €[V] -» €[X}. As shown by |HS041 Thm 2.2, 2.3] the map 

Hilb£(V) -4 ]J Grass( J B p ,/i( j o)) 

pG-D 

is a closed immersion for an appropriately chosen finite subset D C A. Since /i = outside A + 
we even have D C Irr(G) in our case. Every quotient of F p of dimension h{p) is also a quotient 
of E p of dimension so we have an embedding Giass(F p ,h(p)) Grass(£ , p , h(p)). As every 

element in Hilb^(l/) coming from Hilb^(A//J7) is already generated by F p , the composite map 
Hilb^ (X//U) IIpeD Grass(i?p, factors through Grass(F p , so that we obtain 

II Grass^, %))C II Grass(^ p , h(p)) 

p£D p£D 

I \ 

I 

J J 

Hilb£(A)< Hilb£(A///7) c Hilb£(V) 

X//G (A//C/)//TC - V//T 

This suggests the following procedure to determine the invariant Hilbcrt scheme: Begin with one 
"easy" representation pi and analyse rj x rj p .. If this can be shown to be closed immersion, identify 
the image. Otherwise add another representation and repeat the analysis. This process will stop 
with some r\ x rj Pl x . . . x r) Pa being closed immersion. 

Determination of r\\. The knowledge of F\ gives us an S'Oe-equivariant map 

771 : 5Z 2 -Hilb(^ -1 (0)) ->• Grass (Fx, dim Vi) = Grass(€ 6 ,2), Z ^ T X {Z). 

The fibre T\ (Z) of the sheaf T\ is generated by the restrictions of the projections pi : pT 1 (0) — >■ (D 2 
to the subscheme Z C /i _1 (0). 
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Proposition 4.4. (1) The map r\ x r\\ is given by 

rjxrin S , / 2 -Hilb(^- 1 (0)) ^(Oy/Sh x Grass(2,C 6 ), Z H- (Z//SZ 2 , kex(/i )Z ) x ). 

(2) TTie image of r\ x 771 restricted to the orbit component iS72-Hilb(/i~ 1 (0)) c "' b is contained in 
Y := {(A, U) G O^^] x Grass iso (2, (D 6 ) | imA* C U}. 

Proof 1. To describe the morphism 771: SI2 -Hilb(/^ _1 (0)) — ► Grass((D 6 ,2) explicitly, we analyse 
the map fx,z- Fx — > T\{Z). As it is surjective, we have T\{Z} = Fx/kei(fx t z)- Now we can 
identify the Grassmannian of quotients with the Grassmannian of subspaces via the canonical 
isomorphism Grass((D 6 ,2) — > Grass(2, (D 6 ), F\f ker(/i i ^) H> ker(fi,z) A ~ ■ Thus r\\ is the morphism 
rji : Sh-mbifi- 1 ^)) Grass(2,(D 6 ), Z ker^i^)- 1 . 

2. Over ©[22,12], we have 77 x 771 : 77" 1 (Opa.i 2 ]) ->■ OpM=] x Grass(2, (D 6 ), Z A \-> (A, ker(/i, Z/1 ) ± ). 
For analysing the image, we choose the special point Aq G Ow^] again. The description above 
shows that ker(/i i ^ Ao ) = <p3,p4,ps,ps > with orthogonal complement \sei(fx ! ZA ) = <p4,p$ > 
by definition of the inner product above. Since p\Qpi = p\Qp$ = p\QPb = 0, this space is 
isotropic. Thus for every point A in the open orbit, ker(fi t z A ) ± is isotropic. As being isotropic is 
a closed condition, 77 x 771 maps the closure of the preimage of Op^i^i under 77, the orbit component, 
to the isotropic Grassmannian: 

77 x 771: 77-1 (0[ 2 2 4 2]) = Sl 2 -mibi^iO)) ^ -> 0[ 2 2,!2] x Grass lso (2,C 6 ). 

(0 1 \ 
-100 \ 
000 again. We can consider 
., .. , " " l 

A : Fi, Pi -> -P2, P5 -> Pi, Pi for i = 1,2,3,6, 

A^i Fi Fx, px -4 p 5 , p 2 -> -Pa, Pt for i = 3, 4, 5, 6. 

Thus we have im(AQ) =<P4,P5 >= kei(fx t z A ) • Since 77 x 771 is SOg-equivariant, the equality 
im(A') = ker(/i.2 4 ) ± holds for every A in the orbit Opa,]*] and we obtain 

77 x 7 71 (7 7 - 1 (C> [22;12 ])) C y' := {(A,C/) G [2 2 4 2] x Grass lso (2,€ 6 ) | imA* = U}. 

If A G 0[ 2 2 i2] \ 0[ 2 2 12], its rank is smaller than 2 (indeed A = 0), and so is dim(imA*). So the 
closure of Y' in 0[ 2 2 .i 2 ] x GrasSi S0 (2, (D 6 ) is F. □ 
We will see in the further examination that 77 x 771 actually is an isomorphism (proposition 14. 6p , 
even on the whole invariant Hilbert scheme (proposition 15 .4[ ) . 

4.3. The Grassmannian as a homogeneous space. For a further analysis of the image we 
consider the isotropic Grassmannian as a homogeneous space GrasSi SO (2, (D 6 ) = SOq/P, where 
P = {SOq)w i s the isotropy group of an arbitrary point Wo G GrasSi SO (2, (D 6 ). We choose 
Wq =<Px,P2 >• If 9 W € SOq is chosen such that W — g w Wo, the isomorphism is 

Grass. iSO (2, C 6 ) -> SO e /P, W ^ g w P = [g w ], gW [<?]. 

The existence of the canonical map /: Y GrasSi SO (2, <D 6 ) = SOq/P, (A,U) h- [/ ^ [g v ] 
shows that Y is an associated S^-bundle with fibre E := / _1 ([-^6]) = P1"2 (Wo): 
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where S0 6 x p E = SO e x £/~ with (g,A) ~ (gp- 1 , pAp- 1 ) . 

Lemma 4.5. The fibre E = {A E 0[ 2 2 .i 2 ] | imA* C Wo} is one-dimensional. 

Proof Let A 1 = (a^), i.e. A l pi — J2 a jiPj- We have 

• imA* C Wo =<Pi,P2 >, thus a l3 = if i = 3,4,5,6, 

• by duality, W^- =<Pi,P2,P3,Pe >C kerA*, which implies = if j = 1,2,3,6. 
There only remain an, a 2 4, ai5 and a 2 5. But 

• A* e S06 implies ai4 = a 2 5 = and a 2 4 = — ais- 

Thus E is isomorphic to A^. □ 

Connecting this to the Hilbert scheme, we have 



SZ2-Hiib( / u- 1 (0)) orb 



r/xr/i 



-*-Y = SOq x p E 



f=fo( v x m ) 




so 6 /p 

The existence of /' shows, that 5/ 2 -Hiib(/z -1 (0)) o, ' f ' can be written as an associated SC^-bundle 
with fibre F := / ([-/is]) an d combining the two .SC^-bundles we obtain 

S7 2 -Hirb( M - 1 (0)) orh 

>)X))i 

*: Y 



S0 6 /P 

As-nxrji is birational and proper, restricting (77 x 771)' to the fibre over a fixed point of SOq yields 
a birational and proper morphism ip: F — > E. Since E is isomorphic to the affine line, \p must be 
an isomorphism. As a consequence: 

Proposition 4.6. The orbit component of the Sh-Hilbert scheme is isomorphic to Y: 

6 , / 2 -Hilb(/x- 1 (0)) orb £ {(A,U) e x Grass 4;so (2, (D 6 ) | imA* c W}. 

4.4. The points of Hilb^pf ) orb as subschemes of X. To identify the points of m\b%(X) orb 
as subschemes of X, we assume there is an embedding 

mib%(X)° rb X//G x H Grass(F p ,h(p)), Z -> (Z//G, (T p {Z)) peM ) 

where M C IrrG is a suitable finite subset and !F P {Z) = F p / ker f Pt z with f Pt z'- F p F P {Z). 
This embedding gives us the invariant part and the p-parts of the ideal Iz of Z as 

(Iz) G = T-Z//G 
(I z )p = (ker/^z). 

Thus Iz D Im ■=< Iz//G>ker f p ^z \ p E M >. If Im already has Hilbert function h, then Iz has 
no further generators and we obtain Iz = Im- 
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The points of Sh -Hilb(/i 1 (0)) orb as subschemes of /i 1 (0). Our next goal is to describe the 
points (A, W) of S7 2 -Hilb(/j- 1 (0)) orh as subschemes of /^(O). 



Proposition 4.7. The subscheme Za,w C p. 1 (0) corresponding to (A,W) £ Y is 
Za,w — 



Sh, ifAeO [2 2 A 2 
{( a c b d )\ad-bc = 0}, ifA = Q. 



Proof To show this, we use the embedding 77x771: S7 2 -Hilb(>- :L (0)) orf> ->• /i" 1 (0^ 2 xGrass(2, C 6 ), 
Z 1 y (Z//SI2, ker(/i i 2) ± ) and we have to compute Za.w — (v x i]i)^ 1 (A, W) or its ideal Ia,w- The 
action of SOq on the Hilbert scheme and on Y reduces this to the calculation of one Za,w for every 
orbit of Y: Since 77 x 771 is 506 _e quivariant, all points in the preimage of one orbit are isomorphic. 
Y decomposes into two 506-orbits {(AjimA*) \ A € 0[ 2 2 ;1 2]} = C[2 2 ,i 2 ] ancl {0} x GrasSi SO (2, (D 6 ), 
because the action on GrasSi SO (2, (D 6 ) is transitive. 

First we consider A € O^w. Since 77 is an isomorphism of schemes over Opa^ai, we already 
know that Za.w — V^ 1 ^) = v ~ l {A) — Sh by section [ 



Now let A e C[2 2 ,i 2 ] \ C[2 2 ,i 2 ] = {0}- Then Zo : w//Sh — 0, so all 2 x 2-minors of elements in 
Zo, w vanish, i.e. {Io,w) Sl2 = {A-ij I hj = 1, ■ • ■ ,6). We calculate the subscheme Zo.w explicitly 
for W = W ■=< Pi,P2 >■ Consider fi,z 0iWo ■ Fx -> Ti{Z Q<Wo ), q ^ q\z , Wo - We know tnat 
W = ker(/i iZo ^J- 1 . If q = Ei=i a O>* € ker(/i >Zo Wq ), we have = q{M) = Ei=i a i(S*) 
for every M £ Zo^w a - Thus the component of io,Wo corresponding to the standard repre- 
sentation is (7o,Wo)i = (S«=i a i x u> Y^!=i a i x 2i I 1 ^ Wq") and for the induces subscheme 
Z 'oWo ■= Spec(C[/a- 1 (0)]/((/o,w o ) 5i2 + (/o,w )i)) 3 Z ,w we have 

6 6 

^o, Wo = ( M e ( c2 ) 06 1 M ^ Mt = °> AlJ = v *> s, 12 aiXii = = 12 a ^ v 9 € ^o x >- 

i=l i=l 

In our case, W — <Pi,P2,Ps,P6>, thus letting q be each of these generators yields the equations 
x u = = ir 2i if i = 1,2,3,6. This means that M takes the shape M = ("g^^J) and 
= A 45 = X1HX25 ~xi5X24- Then the equation MQAP — is automatically fulfilled. So we obtain 




^w = \\i : : xu Xl5 :)e(€ 2 r 

' 1 " " " ^24 X 2 5 1 



X1AX25 - Xi 5 X 2 4 = 



Since this is a flat deformation of Sh, the corresponding ideal has the correct Hilbert function 
5. Properties of the invariant Hilbert scheme 



which means that I 0tWo = {{Io,w a ) Sl2 + (Jo,w )i) and Zo.w = Z' w □ 



To determine the whole S7 2 -Hilbert scheme, we analyse some of its properties. First, we show that 
SI2 -Hilb(/i~ 1 (0)) is smooth in every point of Sh -Hilb(/j -1 (0)) or ' b in section [3TTI so that the orbit 
component is a smooth connected component of Sh -Hilb(/i _1 (0)). Section 15721 concludes the proof 
of theoremO namely Sh -Hilbf^-^O)) = {(A, W) € [2 2 a 2 ] x Grass iso (2, (D 6 ) | imA* C W}, by 
showing that Sh -Hilb(/j (0)) is connected and hence coincides with the orbit component. 

5.1. Smoothness. One way to examine smoothness of the Hilbert scheme is to calculate its 
tangent space at every point. In smooth points the dimension of the tangent space equals the 
dimension of the Hilbert scheme, in singular points the dimension of the tangent space is bigger. 
In the first case, one concludes that the orbit component is smooth and that there is no addi- 
tional component of the invariant Hilbert scheme intersecting it, so Hi\b^ (X) orb is a connected 
component of the invariant Hilbert scheme. 
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Let Z e Hilb^(X), R :— T(X, Ox) and Tz the ideal of Z in Ox with space of global sections Iz- 
Proposition 5.1. [AB05, § 1.4] The tangent space of the Hilbert scheme is given by 

T z m\bf(X) = Hom%{I z ,R/Iz) = Hom% /Iz {I z /I 2 z,R/Iz) = H°{Uom% z {l z /I 2 z ,O z )). 

Remark 5.2. In special situations more can be said about the structure of the tangent space: 

(1) If Z is smooth and contained in the regular part X reg of X, then the normal sheaf Afz/x '■= 
(Zz/Z§) v = Homo z (1z/Zzi®z) is locally free. This yields a further description of the 
tangent space 

T z m\b G (X) = Hom% /Iz (I z /I 2 z,R/Iz) = H°(Z,Af z/x ) G . 

(2) If Z = Gx = G is an orbit isomorphic to the group, then we have a commutative diagram 

G X MzlX.e Nzix 

Km 

G = Z 

where Afz/x.e is the fibre of Afz/x at the neutral element e € G. The action a restricted 
to G x Afz/x,e is an isomorphism on the fibres: This is clear for Nz/x,e an d true for the 
other fibres since a is G-equivariant. Since both spaces are vector bundles and a is linear, 
they are isomorphic. 

Giving a G-invariant section s: G — > G x Mz/x.e means choosing a point p G Mz/x.e 
such that s = id xp. This shows 

T z m\b G {X) = H\Z,Nz/x) G = M z /x,e- 

(3) If Z is not smooth we can consider its regular part Z reg . If Z is reduced, restricting 
morphisms to Z reg yields injections 

Hom 0z {Iz/Il, O z ) ^ Hom 0zreg (Zz reg , Zreg ) 
and Hom% z (Z z /Zf, O z ) ^ Hom% z ^ {l Zrs Jl 2 Zrcg , Zr J, 

If Z reg C X regi taking global sections we obtain 

Hom G R/Iz (IzlI 2 z,R/Iz) H°(Z reg ,Afz reg/ x r J G - 
All these maps are isomorphisms if Z is normal. 

The tangent space of SI2 -Hilb(/i _1 (0)). In order to find out if the orbit component coincides 
with the whole Hilbert scheme, we calculate the tangent space to Sfa -Hilb(/i _1 (0)) in every point 
of S72-Hilb(^- 1 (0)) orf '. 

Proposition 5.3. For every point Z £ SI2 -Hilb(^i~ 1 (0)) orb the dimension of the tangent space is 

dmTtfSJ 2 -Hilb(/*~ 1 (0)) = 6 = dimS7 2 -HilbGu~ 1 (0)) or6 . 

Therefore the orbit component is a smooth connected component of the invariant Hilbert scheme. 

Proof As before, we only have to consider one point of each SO^-orbit because the dimension of 
the tangent space is stable in every orbit of the S'Og-action. Over the open orbit there is nothing 
to show, because we know that 77 _1 (0[ 2 2 jl 2]) = 0[2 2 ,i 2 ] is smooth. 



14 



TAN.7A BECKER 



Over the origin we consider 

'0 X14 X15 X 



Z := Z, 



0,W — 




x 24 x 25 

x,y £(D,[\: P 1 



Xl4X 2 5 - Xi 5 X24 = 




Z is normal since it is a complete intersection and the codimension of Z \ Z — {0} in Z is greater 
than 2, namely 3. We have Z C A* -1 (0) s j ng : If M s Z, all of its 2 x 2-minors vanish, thus 
M e V(X l JX) = /i _1 (0) SJ :„ 9 , where X = (%\\ %™ %™ %\\ %\\ %f 6 ) describes the coordinates in 
(D[aru, . . .,ar2e]- 

From now on we also write a :— X14, b := xi$, c :— x 24 and d := X25. Let I be the ideal of Z in 
i? := C[m _1 (0)] = €[x n ,...,x 2 6]/(XQX t ). We have 

I = (xu, X12, a?l3) 3C16, X 2 1, X 2 2, ^23, ^26, ^14^25 ~ ^15^24 ), 

— :z 

= <D[afll,. . . ,X26]/(xii,Xi2,Xi3,Xi6,X21,X22,X23, ^26, ^14^25 ~ Xi 5 X 24 , XQX*) 

= <D[a, 6, c, d]/ (ad — 6c). 
Then I/I 2 = R < xu, X12, X13, Xi6, X21, X22, £23, £26, z > with relations XQX 1 = 0: 
= X11X14 + X12X15 + xi 3 xi 6 = xna + x\ 2 b 

= X11X24 + X12X25 + -^13^26 + ^14^21 + ^15^22 + ^16^23 = %llC + X\ 2 d + X 21 a + X 22 b 

= x 2 ix 2 4 + X22S25 + ^23^26 = £2ic + x 2 2d modi 2 . 
Reduction to Z reg 

We analyse the tangent space TzSl 2 -Hilb(/U (0)) of the invariant Hilbert scheme by reducing to 

Z := Z reg = Z \ {0} = {(Xv, fiv) v e C 2 \ {0}, [A : n] G P 1 }. 

Let I be the ideal sheaf of Z. Then in the situation of remark li l r2T 3') we even have equality because 
Z is normal. Thus 

dimTzSVHilbGir^O)) = H°(Z, Uom% z (I/I 2 , O z )) Sh = dim H°{Z,Hom^ z (i /i 2 ,Oz)) Sh ■ 

The open subscheme Z of Z is not affine. Since Z — Z \ {0} = V(ad — be) \ V(a,b,c,d), it is 
covered by the open affine sets Z a — Speci? a , Z b — Speci?;,, Z c — Speci? c and Zd = Spec Rd, 
where 

Ra = (C[o, b, c, d]/ (ad — bc)) a = C[a, a -1 , b, c, d]/ (ad — be) = <D[a, a -1 , 6, c], 

since a is invertible and d — — , 

a 

R b = (<C[a,b,c,d]/(ad-bc)) b = C[o, 6, ft -1 , d], 
i? c = (C[a, 6, c, d]/(ad — 6c)) c = (D[a, c, c~ , d], 
i? d = (<C[a,b,c,d]/{ad-bc)) d = <C[b, c, d, d" 1 ]. 

To describe the ideal sheaf I/I 2 , we compute it on each set of this covering. As I = IU and 
I conincide on an open subset, I/I 2 is generated by xu, X12, X13, x\q, X21, X22, £23, x 2 q, z with 

relations = x n a + x 12 6 

= xnc + x i2 d + x 2 ia + x 22 b 
= X21C + x 2 2d. 
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Since a is invertible in R a , the first relation yields x\\ = — \x\2- The second relation becomes 
= — + X\2^ + X2\a + x 2 2b = x 2 \a + x 2 2b, thus x 2 i = —\x22- Then the third equation 

= — \x22C+X22^ is automatically fulfilled and gives no more information. Denoting X a :=Z\g , 
this shows that 

Za/l-l = Ra < Xi2,Xi 3 ,X W ,X 2 2,X23,X26,Z > 

is free of rank 7. This means that X/X 2 is locally free of rank 7, since we obtain analogously 

2*/^6 = Rb < Xu, X13, X W , X 2 1, X 2 3, X26, Z >, 
ic/il = Rc< X 1 2,X 13 ,X 16 ,X22,X23 7 X26 7 Z >, 
— Rd < X W , X 2 1, X 2 3, X 2 6, Z > . 

If we compute the intersection Z a b = Spec R a b of Z a and Z , we obtain 

Rab = €[a,a^ 1 ,b 7 b^ 1 7 c,d]/(ad- be) = <C[a, a -1 , b, 6 _1 , c] = (D[a, a -1 , &, <i], 
iab/ilb = <D[a,o _1 ,6,6 _1 ,c] < xi2,xi 3 ,xi 6 ,x 2 2,a;23,a;26,2 > 
= (D[a, a -1 , 6, <i] < x u , xi 3 , x i6 , x 2 i, x 23 , x 26 , 2 > 

with d—^c and base change xn = —^£12 and x 2 i = — f 2:22- 

Reduction of S7 2 -linearised sheaves to sheaves linearised w.r.t. a Borel subgroup 

To compute H°(Z ,Hom(i/i 2 ,Oz)) sl2 , we reduce the ^-linearised sheaf X/X 2 on Z to a 5- 
linearised sheaf on (D 2 \ {0}, where -B is the Borel subgroup of upper triangular matrices of S7 2 . 

Claim. Z is an associated B-bundle: 

Z = Sl 2 x B E, where E = 7T _1 (ei) = {(Aei, /iei) | [A : fj] G P 1 } = (D 2 \ {0}. 

Proof There is a natural map 

ip: Z -> P 1 x P 1 , (Xv,nv) ^ ([v], [A : /x]). 

Since g • (Xv, fiv) — (Xgv, /igv) for every g G 5/2, f is equivariant for the action g ■ ([v], [A : it]) = 
([gv], [X : /j]) on P 1 x P 1 . This yields an equivariant projection 

tt: Z ->■ P 1 , (Au,/iu) 1 ^ [w]. 

As the action of 5/2 on P 1 is transitive with isotropy group B = { ( J t -i ) | * € (D*, u G (D},we can 
write P 1 = 5Z 2 /-B- If gB G 5Z 2 /B and 6 = ( * ^ ) , we have 

gb - ( 911 912 I I " I = ( *' 9n ?i ' 9u + <_1 - 912 I 
\32i 322/ \0 ^321 "321 + t~ 1 g 2 2j ' 

which shows that in the class of g, 311 and 521 are determined up to a scalar and 312 and (722 can 
be modified arbitrarily up to the condition det(<?) = 1. Therefore the identification Sl 2 /B = P 1 
is gB 1 ^ [511 : ,g 2 i]- 

The action of i3 on (D 2 \ {0} induced by the action of SI2 on Z can be computed as follows: Let 
b = (g t -i) G B. Then &ei = (J) = te\, thus 6(Aei,/xei) = (tXei,tfj,ei) and this means 

6-(A,/i) = (tA,t/i). 

Hence the action of B on (D 2 \ {0} coincides with the action of (D*. 
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Altogether, we have the following commutative diagram 

i — 5 0(^v&;)) 

(fl,(A,/i)) SZ 2 x B (D 2 \ {0} >- z (W") 

ffS SZ 2 /5 — pi [v] 

gB i >. [511:921] 

Now an S^Tinearised sheaf T on Z corresponds to a _B-linearised sheaf Q on (D 2 \ {0} as well as 
their duals correspond to each other. If j : (D 2 \ {0} Z denotes the inclusion and e = I 2 ■ B e 
SI2/B = P 1 we obtain 5 as the fibre J"(e) = j*\F. In the other direction we have T — SI2 x B Q. 
The invariant global sections of corresponding sheaves coincide: 

H°(Z, Hom 0z {F, 0&)) sl > = H°(€ 2 \ {0}, Hom 0c2 , m (0, C 2 Xm )) B . 

So we take T = I/I 2 and are interested in determining the dual of j*T: 

As C C 2 = ©[A, fi] and C 2 \ {0} = C 2 \ {0} A U C 2 \ {0}^ the structure sheaf is given by 

Oc2\{0}(C 2 \{0} A ) = qA,A-V], 
O C 2\ {0} (<C 2 \{0} tl ) = <E[\, t i,n- 1 }. 

In our case the inclusion is j : (D 2 \ {0} — > Z, (A, fi) i-> ( A {J ) , so on the level of rings we have 
an^A, b h-> /i, c^0 and n> 0. This means, that j*(i/T 2 ) is given by 

j*(i/i 2 )(C 2 \ {0} A ) = C[A, A _1 ,/i] < £12, 213, £16, £22, £23, £26,2 >, 

j*(i/i 2 )(C 2 \ {0}^) = C[A,/i,^ _1 ] < £ll,£l3,£l6,£21,£23,£26,-2 >, 

j*(i/i 2 )(€ 2 \ {0} Am ) = C[A, A" 1 ,/!,^" 1 ] < £12, £13, £16, £22, £23, £26, 2 > 

= C[A, A" 1 ,/!,^ -1 ] < £11, £13, £16, £21, £23, £26, -2 > 

with base change xn = — JX12 and x 2 \ = — ^£22 ■ 

To compute the dual j*(j/2 2 ) v = % 0TO o C 2 X{0} C^/^ 2 , Cc 2 \{o})i denote by (yij,w) the basis dual 
to (xij,z), i.e. yij{x k i) = &(ij)(kl), Vi]{ z ) = °> ^(^ij) = °, = L Tnen we nave 

j*(±/i 2 ) V (C 2 \ {0} A ) = ©[A, A _1 ,/x] < J/12, J/13, 2/16, 2/22, 2/23, 2/26, w >, 
j* (±/± 2 ) V ((D 2 \ {0} M ) = C[A,/i,^ _1 ] < 2/n, 2/13, 2/16, 2/21, 2/23, 2/26, w >, 
j*(±/± 2 ) v (C 2 \ {0} Am ) = C[A, A -1 ,^,/! -1 ] < 2/12, 2/13, 2/16, 2/22, 2/23, 2/26, w > 
= ©[A, A _1 ,/x, n^ 1 } < 2/11, 2/13, 2/16, 2/21, 2/23, 2/26, w > • 
with base change 2/11 = -£2/12 and 2/21 = -£2/22- 

Computation of the global sections 

The global sections H°(€ 2 \ {0},j*(±/± 2 ) v ) are the kernel of the map 

<p: H°((D 2 \ {0} x ,f(±/± 2 ) V ) © H"(€ 2 \ {{)} ^ f {± /l 2 )' ) -> ff°(C 2 \ {0} W - (i/i 2 ) V ), 

(P,g) ^Plc^\{o} AM -9lc^\{o} AM - 

Let P = Pl2/12+P22/13+P32/16+P42/22 +P52/23 +P62/26 +P7W, Pi G ©[A, A _1 ,/i], 

9 = 912/11 + 922/13 + 932/16 + 942/21 + 952/23 + 962/26 + 97^, qi e €[A,/i,^ -1 ]. 
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Denote Pi = j£ and g, = j& with pf ,gf G <D[A,a*], pf G <D[A] and gf G <D[/i], pf ,pf relatively 
prime, as well as gf\ g/ 3 . In (D[A, A" 1 , /x, /x" 1 ] we have 
A A 

3 = 912/12 + 922/13 + 932/16 942/22 + 952/23 + 962/26 + 97^. 

H fj, 

Thus if z G {2,3,5,6,7}, for p and g to be equal in C[A, A -1 , /1, /i _1 ] we must have pj = gj, 
i.e. pf • qf = pf ■ qf . As pf and pf have no common factor, pf must divide qf. But pf is a 
polynomial in A while gf is a polynomial in /1. This forces pf to be constant, w.l.o.g. pf = 1. This 
immediately implies gf = 1 since gf^ and gf are coprime. We obtain pf = Pi = q% = qf G (D[A, 
If « = 1 or 4, we see pj = -^9i, thus ^pi = -Ag*. Thus pf = Xpf , gf = -/ipf and pf = 1 = gf 
as before. This yields 

kenp = {(Apiyi2 +P22/13 +P32/16 + Ap 4 2/22 + P52/23 + P62/26 + P7W, 

-MP12/11 +P22/13 +P32/16 - MP42/21 + P52/23 + P62/26 + P7™) I P* € <D[A,/x]} 
= C[A,/i] < Aj/12, 2/13, 2/16, A2/22, 2/23, 2/26, w > • 

Thus i/°(C; 2 \{0},^OTOo c2uo} (.r(i/i: 2 ),0^\{o})) = C[A, M ] < Ayi 2 ,yi3,2/i6,Ay 22 ,y 23 ,2/26,™ > 
is a free module of rank 7. 

Computation of invariants 

Let us now consider the actions of Sl 2 and B on these modules. Let g = {%{ %W )■ Then we have 



.9 {x 2i ) — { g 2 ix li +g 22 X2i ) ■ lnUb 



g ■ %2i= gi\X\i + .922^24, 
g ■ C = 321& + 522C, 

g-d = g 2 \b + g 22 d 



g ■ xu = gnxu + gi2%2i, 
g ■ a = gna + gi 2 c, 
g ■ b = g n b + g 12 d, 
g-z = g(x 14 x 25 - x 15 x 24 ) 

= (511^14 + 5122:24) (521^15 + 2/222:25) - (2/112:15 + 5122:25) (.9212:14 + 5222:24) 
= (.911.922 - 512.921) (2:142:25 - X 15 X 24 ) = z. 
The action on the dual is determined by 



5 • yu{xu) = yn(g 1 x u ) = yu{g2 2 xu - gi 2 x 2 i) = 522 
5 • yu(x2i) = yu(g~ 1 x 2 i) = yii{-g 2 ixu + gnx 2i ) = -g 2 i 

g ■ y2i{x\i) = y2i(g~ 1 xu) = y2i{g22Xu - gi 2 x 2 i) = -512 \ 
5 • y2i(x2i) = y2i(g~ 1 x 2i ) = y2i{-g 2 ixu + gnx 2i ) = gu J 

g ■ w(z) — w{g^ 1 z) = w(z) g-w — w. 

Correspondingly, over (D 2 \ {0}, the action of g = ( * "1 ) is 
g-X = tX, 5 • xu = txn + ux 2i , 

5 • M = *Mj 5 • 2:21 = t~ 1 x 2i , 

g-z = z, 



5 ' Vii = 5222/ii - 52i2/2» 



5 ' 2/2i 



-5122/ii + 5u2/2i, 



g-yu = t 1 yn, 

5 • 2/2» = -wj/ii + *2/2i, 
g ■ w = w. 



Now we have B = TU with torus T = {(* t °i)} and unipotent radical [/ = {(Jf)}. Thus we 
can compute the B-invariants stepwise: 



<E[\,n] < Xy 12 ,y 13 ,yi 6 ,Xy 22 ,y 23 ,y 26 ,w > = (C[A,/x] < Xy 12 , 2/13, 2/16, A2/ 22 , 2/23, 2/26, w > ) 



EAT 
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> invariants 



> cannot be combined to form invariants. 



Let«=(S?): 

u ■ X = X u ■ Xy 12 = Aj/12 

u ■ A 1 = A* « ' J/13 = 2/13 

u-w = w u- j/16 = 2/i6 

u • Aj/22 = A(-mj/i2 + j/22) = -uXy 12 + Xy 22 

" ' 2/23 = —1*2/13 + 2/23 
" • 2/26 = -"2/16 + 2/26 

So we have (D[A,/i] < A2/12, 2/13, 2/ie, A2/22, 2/23, 2/26, w > a = <D[A,/x] < Ayi 2 , 2/13, 2/ie, w > . 

To compute the T-invariants, let t = (q t -i )■ We obtain 

degree 1: invariants: degree —1: 

t- X = tX t-w — w t- 2/13 = £~ 1 j/13 

t-fj, = tfj, t ■ At/12 = tXt~ 1 y 12 = A2/12 £ • 2/16 = t -1 2/i6 

This yields the invariants w, A2/12, A2/13, M2/13, A2/16 and /i2/i6- So we have computed 
H°(Z, Hom(Z/Z 2 , Oz)) Sh = H°(€ 2 \ {0}, Hom(I/Z 2 , c2 \{o})) B 

= <C < Xy u , At/13 , /xt/13 , Aj/16 , /xi/16 , w > . 

This means that TzSl 2 -Hilb(/i _1 (0)) is 6-dimensional and therefore the orbit component of the 
invariant Hilbert scheme is a smooth connected component. □ 

5.2. Connectivity. In general, the invariant Hilbert scheme can be disconnected. To examine 
connectivity we look at (D*-actions: 

If there is a (D*-action on X which commutes with the G-action, it descends to a (D*-action on 
X//G so that the quotient map X — > X//G is (D*-equi variant. In this case, one way to find out 
if the invariant Hilbert scheme is connected is to compute the induced (D*-action on Hilb^(X) 
and to determine all fixed points of (D* Q X//G. The Hilbert-Chow morphism is proper and 
(D*-equi variant, therefore for every fixed point in the image there is at least one fixed point in 
every connected component of the fibre of its preimage. 

Remark. Let (X//G)* denote the flat locus of the quotient map. Since Vj^-i^x/fG),) is an isomor- 
phism, every irreducible component of the invariant Hilbert scheme different from Hilb^(X) orfc = 
n~ 1 ((X//G)*) only contains points of the fibres over X//G \ (X//G)*. If one can show that 
all connected components of these fibres meet the orbit component, and additionally one knows 
the orbit component to be smooth, then there cannot be any further component. In this case 
Hilb^(X) = Hilb^(X) orb is connected. 

Connectedness of Sl 2 -Hilb(/i _1 (0)). 

Proposition 5.4. The invariant Hilbert scheme Sl 2 -Hilb(/i _1 (0)) is connected, hence it coincides 
with its orbit component and we have 

SVHiltyAt-^O)) = Sl 2 -m\b(i^- 1 (0)) orb = {{A,U) e x Grass iso (2, C 6 ) | imA* c U}. 

Proof We consider the action of (D* on /i _1 (0) by scalar multiplication and the induced action on 
^(Oy/Sh = [2 2,i2]. For t e € and M e M _1 (0) we have (tM)* J(tM)Q = t 2 (M*JMQ), thus 
the action on the quotient is multiplication with t 2 . Further A G 0[ 2 2 ^ is invariant if and only 
if A = 0, so all fixed points of Sl 2 -Hilb(/x _1 (0)) map to 0. 
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The induced action on SI2 -Hilb(/i _1 (0)) maps Z to tZ. If Z is an S72-invariant subscheme of 
/i _1 (0), then tZ is also 572-invariant because the action of SI2 commutes with scalar multiplication. 
Secondly, the global sections of Z and tZ and their isotypic decompositions coincide, so indeed 
tZ e SVHilbO-^O)). 

The following lemma shows that set of (D*-fixed points in SI2 -Hilb(/i -1 (0)) is GrasSi SO (2, (D 6 ), the 
fibre of SI2 -Hiib(/i _1 (0)) or6 over zero. Consequently, ?7~ 1 (0) has no further components, and the 
same is true for SI2 -Hiib(/x _1 (0)). This shows proposition 15.41 and concludes the proof of theorem 
Ol □ 

Lemma 5.5. The set of fixed points in SI2 -Hilb(((D 2 )® 6 ) under the (D* -action is isomorphic to 
the Grassmannian Grass(2, (D 6 ). The (D* -fixed points in SI2 -Hilb(/i _1 (0)) correspond to the points 
o/Grass lso (2,C 6 ). 

Proof Let Z C (C 2 )® 6 be a C*-fixed point in Sl 2 -Hilb(((D 2 )® 6 ) or SVHilb(M _1 (0)), equivalently 
its corresponding ideal I is homogeneous. Since then the Hilbert-Chow morphism maps Z to 0, 
all 2 x 2-minors of each element in Z vanish. Hence I contains all the 15 minors A 1 - 7 . 
Now let us analyse the homogeneous invariant ideals I in R — <D[xn, . . . , X2q], containing all A lJ , 
with isotypic decomposition R/I = ® c i e a {d + l)Vd, where Vd = <C[x,y]d denotes the represen- 
tation of 572 of dimension d + 1. Afterwards we will restrict to ideals containing XQX*, which 
correspond to ideals in R/ (XQX 1 ), and which are the fixed points of Sl 2 -Hilb(/i -1 (0)). 
The representation ((D 2 )® 6 = Hom((D 6 ,<D 2 ) consists of 6 copies of Vi, so R = 0„ eNo S n (6Vx). 
Since R = (J)„ eNo S'"(Hom((D 6 , (D 2 )*) is graded and I is homogeneous, R/I is still a graded object, 
so that we can analyse it by degree. The invariance of T guarantees that I\ is a subrepresentation 
of Hom((D 6 ,(D 2 )*, i.e. there is a sub-vectorspace V C C 6 such that I x = Hom(V, (D 2 )*. The 
isotypic decompostion of R/I requires exactly two copies of V\, and they must already come from 
R1/I1, since no such copy can be contribued or killed by generators of higher degree. If the 
dimension of V were 5 or 6 then R\/I\ would be too small and if dim V < 3 then R\/I\ would 
be too big. Thus we know that dim V = 4, so that after a coordinate transformation we can write 
I D J — (x 3 , 2/3, Xi, ?/4, £5, y5,x 6 ,y 6 ,xiy 2 - yix 2 ), since the other 2 x 2-minors x t yj - y J x l do 
not contribute to the generation of the ideal. Then R/J = < C[xi,yi,X2,y2]/{xiy2 — 2/1^2) is the 
coordinate ring of a flat deformation of SI2 an has isotypic decomposition ® ne ^ {n + l)V n as 
desired. Hence we need no further generators and I = J . 

So the fixed points in SI2 -Hilb((<D 2 )® 6 ) under the (D*-action correspond to the choice of a 4- 
dimensional subspace of (D 6 , which is parameterised by the Grassmannian Grass(4, <D 6 ), which 
coincides with Grass((D 6 ,2) and Grass(2,C 6 ). 

For Z to be contained in /i -1 (0) we have to pick only those ideals which contain XQX f , so that 
we have MQM 1 = for every M G Z. We interpret M G (C 2 )® 6 as a map C 6 -> C 2 . The fact 
M G Z = Spec(i?/X) means that M vanishes on V, so we can interpret it as a map (D 6 /V — > (D 2 . 
As the inner product on ((D 2 )® 6 is induced by the inner product on (D 6 , the condition MQM 1 = 
for every M G Z is equivalent to the vanishing of v t Qv for all v G <D 6 /V. This show that 
I D (XQX* 1 ) if and only if (D 6 /V is an isotropic subspace of (D 6 . 

□ 

Remark. SZ 3 -Hilb((jii _:t (0)) is a subscheme of the Hilbert scheme Sl 2 -Hilb((C 2 )® 6 ). The calcula- 
tion of the fixed points suggests that 572 -Hilb(((D 2 )® 6 ) contains the whole Grassmannian as the 
fibre over 0. Indeed, S7 2 -Hilb(((D 2 ) 6 ) = {((C) 2 )® 6 x Grass(2, (D 6 ) | imi' C W} as forthcoming 
work by Terpereau will show. 



20 



TAN.7A BECKER 



References 

[AB04] Valery Alexeev and Michel Brion. Stable reductive varieties. I. Affine varieties. Invent. Math., 157(2) :227— 
274, 2004. 

[AB05] Valery Alexeev and Michel Brion. Moduli of affine schemes with reductive group action. J. Algebraic 
Geom., 14(1):83-117, 2005. 

[BCF08] P. Bravi and S. Cupit-Foutou. Equivariant deformations of the affine multicone over a flag variety. Adv. 

Math., 217(6):2800-2821, 2008. 
[Bea83] Arnaud Beauville. Varietes Kahleriennes dont la premiere classe de Chern est nulle. J. Differential Geom., 

18(4):755-782 (1984), 1983. 

[BeclO] Tanja Becker. On the existence of symplectic resolutions of symplectic reductions. Math. Z., 265(2) :343— 
363, 2010. 

[BKR01] Tom Bridgeland, Alastair King, and Miles Reid. The McKay correspondence as an equivalence of derived 

categories. J. Amer. Math. Soc., 14(3):535-554, 2001. 
[BrilO] Michel Brion. Invariant Hilbert schemes. http://www-fourier.ujf-grenoble.fr/~ mbrion/ihs.pdf 2010. 
[BudlO] Jonas Budmiger. Deformation of orbits in minimal sheets. Dissertation, Universitat Basel, 2010. 
[Dol03] Igor Dolgachev. Lectures on invariant theory, volume 296 of London Mathematical Society Lecture Note 

Series. Cambridge University Press, Cambridge, 2003. 
[Fog68] John Fogarty. Algebraic families on an algebraic surface. Amer. J. Math, 90:511—521, 1968. 
[How95] Roger Howe. Perspectives on invariant theory: Schur duality, multiplicity-free actions and beyond. In The 

Schur lectures (1992) (Tel Aviv), volume 8 of Israel Math. Conf. Proc, pages 1-182. Bar-Ilan Univ., 

Ramat Can, 1995. 

[HS04] Mark Haiman and Bernd Sturmfels. Multigraded Hilbert schemes. J. Algebraic Geom., 13(4):725-769, 
2004. 

[IN96] Yukari Ito and Iku Nakamura. McKay correspondence and Hilbert schemes. Proc. Japan Acad. Ser. A 
Math. Sci., 72(7): 135-138, 1996. 

[IN99] Yukari Ito and Iku Nakamura. Hilbert schemes and simple singularities. In New trends in algebraic geom- 
etry (Warwick, 1996), volume 264 of London Math. Soc. Lecture Note Ser., pages 151-233. Cambridge 
Univ. Press, Cambridge, 1999. 

[Jan07] Sebastien Jansou. Deformations des cones de vecteurs primitifs. Math. Ann., 338(3) :627-667, 2007. 

[JR09] Sebastien Jansou and Nicolas Ressayre. Invariant deformations of orbit closures in s((n). Represent. The- 
ory, 13:50-62, 2009. 

[PvSlO] Stavros Papadakis and Bart van Steirteghem. Equivariant deformations of spherical modules for groups 
of type a. mathAG, (1008.09), 2010. 



Fachbereich Physik, Mathematik und Informatik, Johannes Gutenberg - Universitat Mainz, D - 55099 
Mainz 

E-mail address: tanja@mathematik.uni-mainz.de 



